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Abstract 

The aim of this work is to show that the moduh space Miq intro- 
duced by O 'Grady in [OGlj is a 2— factorial variety. Namely, Mm 
is the moduli space of semistable sheaves with Mukai vector v := 
(2,0,-2) S H'^'"{X,'E) on a projective K3 surface X. As a corollary 
to our construction, we show that the Donaldson morphism gives a 
Hodge isometry between (sublattice of the Mukai lattice of X) and 
its image in if^(Mio,Z), lattice with respect to the Beauville form of 
the 10— dimensional irreducible symplectic manifold Mio, obtained as 
symplectic resolution of Miq. Similar results are shown for the moduli 
space Mg introduced by O 'Grady in [0G2| . 

1 Introduction 

Moduli spaces of semistable sheaves on abelian or projective K3 surfaces are 
one of the main tools to produce examples of irreducible symplectic man- 
ifolds. If denotes the moduli space of semistable sheaves with Mukai 
vector V on a projective K3 surface, it is a well-known result that if v is 
primitive and the chosen polarization is f— generic, then is an irreducible 
symplectic manifold. Moreover, is deformation equivalent to an Hilbert 
scheme of points on some projective K3 surface. An analogous result shows 
that if the surface is abelian, from My one can produce an irreducible sym- 
plectic manifold, which is deformation equivalent to a generalized Kummer 
variety on some abelian surface. 

The choice of a non-primitive Mukai vector can give rise to new examples. 
Let X be a projective K3 surface, and suppose there is an ample divisor 
H on X such that = 2 and Pic{X) = Z, ■ H. Let us consider the 
moduli space Miq of if- semistable sheaves on X whose Mukai vector is 
(2,0,-2) G H'^*{X,Z). The moduli space Miq was introduced by O'Grady 
in |0G1| . where he shows that Miq admits a symplectic resolution Miq, 
which is an irreducible symplectic manifold of dimension 10. In |UG2j . 
O'Grady introduced a 6— dimensional moduli space Mq of semistable sheaves 
on an abelian surface, showing that it admits a symplectic resolution Mg, 



which is an irreducible symplectic manifold of dimension 6. In both cases, 
the obtained manifold is not deformation equivalent to any other previously 
known example of irreducible symplectic manifold. 

A natural question is if there are other moduli spaces of semistable 
sheaves admitting a symplectic resolution and giving rise to new irreducible 
symplectic manifolds. In [L-S| and |K-L-S] . the authors answered to the 
question: in particular, in |L-Sj it is shown that if u = 2w, where w is a 
primitive Mukai vector such that (w, w) = 2, then My admits a symplectic 
resolution, obtained as the blow-up of My along its reduced singular locus. 
In [K-L-S| it is shown that if f = mw for m G N and w a primitive Mukai 
vector, such that m > 2 or m = 2 and {w, w) > 2, then My does not admit 
any symplectic resolution. In this case, My is a locally factorial scheme. 

The aim of this work is to describe singularities of Mio and Mg. Namely, 
we show the following: 

Theorem 1.1. The moduli spaces Miq and Mq are 2— factorial projective 
varieties. 

The main ingredient in the proof of Theorem 11.11 is the Le Potier mor- 
phism, which to certain classes in Ktop{X) associates a line bundle on a 
moduli space. In the case of Mio, using results of |R1] we show that the 
Weil divisor B parameterizing non-locally free sheaves is not a Cartier di- 
visor. Le Potier's construction allows us to show that 2B is Cartier. We 
will deduce the 2— factor iality of Mio from this. The same ideas are used in 
the proof of the 2— factoriality of Mg, but here the problem is subtler: the 
exceptional divisor S of the symplectic resolution Mg is divisible by 2, while 
this is not the case for Miq. This property implies the existence of a Weil 
divisor D on Mg such that 2D = 0. Using results of |R2j . we show that D 
is not a Cartier divisor and that Mg is in fact 2— factorial. 

As a corollary to our construction, we show the following 

Theorem 1.2. Let X be a projective K3 surface such that Pic{X) = "L-H for 
some ample line bundle such that = 2, and let v = (2,0, —2) € H(X,7j). 
Let f C H{X, Z) be the orthogonal to v with respect to the Mukai pairing. 
There is a Hodge injective morphism 

f ^H\Mio,Z) 

which gives an isometry between y-^ (lattice with respect to the Mukai form) 
and its image in ff^(Mio,Z) (lattice with respect to the Beauville form). 

An analogous result holds in the 6-dimensional example. This is the 
generalization of Theorem 0.1 in [Yj for moduli spaces My, with v primitive. 

The paper is organized as follows. Sections from 2 to 5 are devoted to the 
10— dimensional O'Crady's example: in section 2 we recall the construction 
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of Mio, and we show that it cannot be locally factorial. In section 3 and 4 
we show that Mio is 2— factorial, and in section 5 we prove Theorem II. 2 i 

Sections from 6 to 9 are devoted to the 6— dimensional O'Grady's exam- 
ple, following the same structm'e described for the previous example. The 
exposition of the two examples is presented as symmetric as possible, and 
the main proofs for the 6— dimensional case are almost identical to those of 
the 10— dimensional one. Anyway, subtle differencies are shown when nec- 
essary. Finally, in section 10 we present a brief appendix on constructions 
of flat families that we need all along the paper. 

2 The local factoriality of Mio 

In this section we recall the construction of the 10— dimensional moduli space 
Mio ^-ncl its main properties, namely those contained in [Rlj . We provide 
two construction of flat families of sheaves that we will use in sections 3 and 
4, and we show that Mio is not locally factorial. 

2.1 Generalities on Mio 

Let us recall the setting of |OGlj . Let X be a projective K3 surface such 
that Pic{X) = ■ H, where H is an ample line bundle with = 2. Let 
Mio be the moduli space of if- semistable sheaves on X with Mukai vector 
(2,0,-2). It is a 10— dimensional projective variety whose regular locus is 
M^Q, the open subset parameterizing stable sheaves. Let S be the singular 
locus of Mio, which is a codimension 2 closed subset in Mio (see [OGl] ). 
As semistable locally free sheaves are stable in this setting (by Lemma 1.1.5 
in |0G1] ). the open subset m|q of Mio parameterizing locally free sheaves 
is contained in Mfg. Let B be the closed subset of Mio parameterizing non 
locally free sheaves: then T, <Z B, and by [QGl!, B is an irreducible Weil 
divisor. The first result we need is: 

Theorem 2.1. (O'Grady, Lehn-Sorger) The moduli space Mio admits 
a symplectic resolution n : Mio — ^ -^lO) CLiT-d Mio « W— dimensional 
irreducible symplectic manifold with 62 > 24. Moreover, Mio can be obtained 
as the blow-up of Mio along S with its reduced schematic structure. 

Proof. The proof is in 

[Oni]- In [L3] it is proved that Mio can be obtained 
as the blow up of Mio along its reduced singular locus. □ 

Let S be the exceptional divisor of it, and let B be the proper transform 
of B under tt. Let M^q"^** be the Donaldson-Uhlenbeck compactification of 
the moduli space M^q of /i— stable sheaves, and let 4> : Mio — ^ M^f^^^ be the 
canonical surjective morphism. As shown in |UGlj . M^"''** = m[q ]J S'^{X). 
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Let 6 be the fiber of vr over a generic point in the smooth locus of S, and let 7' 
be the fiber of ip over a generic point of the smooth locus of C M{^q"***. 

Moreover, let 7 be the proper transform of 7'. Finally, let 

be the Donaldson morphism (see [QGlj . |F-M| ) . 

Theorem 2.2. (Rapagnetta). The second Betti number of Mio is 24. 
Moreover 

1. The morphism Jl := 7r*o(^*o^^ : H'^i^X, Z) — > H'^{Miq, Z,) is infective. 

2. We have the following equalities: 

ci(S)-(5 = -2, ci{B)-5 = l 
ci(S)-7 = 3, ci(5)-7 = -2. 

3. The second integral cohomology of Miq is 

H^{Mio,Z) =Jl{H\X,Z))®Z-ci{i:)®Z-ci{B). 

4- Let q be the Beauville form of Miq. Then for every a, /3 € H'^{X,Z) 
we have 

q{Jl{a),Jl{(3)) = a- (3, q{Ji{a) , ci{f.)) = q{Jl{a),ci{B)) = 0, 

(Z(ci(S),ci(S)) = -6, g(ci(S),ci(5)) = 3, 
(7(ci(5),ci(S)) = 3, q{ciiB),ci{B)) = -2. 

Proof. The proof is contained in [Rlj, Theorems 1.1, 3.1 and 4.3. □ 
2.2 Flat families 

In this subsection we present two examples of flat families of sheaves we will 
use in the following. We refer to section 10 for the general construction. 

Example 2.1. Let X be a projective K3 surface with Pic{X) = Z- H, where 
H is an ample line bundle such that = 2. Fix three different points 
xi,X2,X3 £ X, and consider 

i : X — > S'^iX), i{x) := x + xi + X2 + X3, 

which is a closed immersion. Let T := i{X) ~ X, and consider a surjective 
morphism if : ff'j^ — > C^^^ © 'Cx2 © C^jg as in Proposition 3.0.5 in |UGlj . 
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Let := ker((/3), which is a rank 2 sheaf such that det{J^) = Gx and 
C2(jr) = 3. 

Let A C T X X be the diagonal (up to the isomorphism between T and 
X). By Corollary 2, Chapter IL5 in ^] (see Lemma 15.51 below), the sheaf 
PT*J^om{p'^J(^ , G is) is a rank 2 vector bundle, and for every x G T the 
canonical morphism 

{pT*'y^om{p*xJ^ , Ga))x — ^ Hom^.J^ ^Cx) 

is an isomorphism. Let Y := F{pT*J^om{p*xJ^ , and p : Y — > T be 

the canonical projection. We have a canonical morphism (see Section 10) 

where qx and are the natural projections of y x X to X and Y respec- 
tively, and ^ is the tautological line bundle on Y. Consider := ker(/). 

Lemma 2.3. Let S he a sheaf defining a point in B and whose singular 
locus is given by x,xi,X2,X3. Then S" defines a point [fg] € Y, and the 
restriction ^/^] := '^\q^'^{[fg]) isomorphic to £. Moreover, the morphism 
f is surjective and is a Y—flat family. 

Proof. The sheaf is the kernel of a surjective (hence non-zero) morphism 
: — > C^,. (see section 3.1 in |OGlj ). defining a point t = [f^] E p~^{x) 
since p~^{x) ~ F{Hom{J(^ ,Cx)). By definition of /, we have ft = fg. The 
morphism / is surjective: indeed, coker(/) is trivial if and only if it is trivial 
on the fibers of qy. If t € y, then t corresponds to a surjective morphism 
so that coker(/)( = coker(/^) = 0, and we are done. 
Since / is surjective, the family is y—flat. Now, since ctx'^ ® Qy-^ 
and {p X idxY^A are y—flat, for every t £Y the canonical morphism 

Jift {q*x^ ^ qY^)t ^ ^ 

is injective, so that = ker(/(). As t € y corresponds to a surjective 
morphism fg : — > Cx, where x = p{t), whose kernel is <§', and ft = fg, 
we are done. □ 

Example 2.2. In the same setting of the previous example, let x G X be 
different from xi,X2,X3, and let T := {x}. Moreover, let i be the in- 
clusion of T in X. Let Y := J{pT*J^om{p\,J>(f ,iXx)) ^ 1P\ By the 
general construction, we have / : qx-^ — > {p x idx)*i*Cx tX" gy^(l), 
where p : Y — > T is the canonical morphism. In particular, notice that 
{p X idx)*iXx «) qy^il) = where j -.F^xT — > x X is the inclu- 

sion. In conclusion, we have / : q^'^ — ^ J*^(l)- Finally, let := ker(/). 
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Lemma 2.4. Let S he a sheaf defining a point in B whose singular locus 
is given by x,xi,X2,X3, and let be the point ofY defined by ^ . Then 
'^[fs] ~ f is a surjective morphism. Moreover, the family M' is 

Y-fiat. 

Proof. The proof works as the one of Lemma 12.31 □ 

2.3 The moduli space Mio is not locally factorial 

A first appHcation of Theorem 12.21 is the following: 

Proposition 2.5. // n G Z is such that nB is a Cartier divisor, then n is 
even. In particular, Miq is not locally factorial. 

Proof. Let n € Z be such that nB is Cartier. Then Tr*{nB) = nB + mS 
for some m € Z, since B is the proper transform of B. By the projection 
formula we have €1(11* (nB)) ■ 6 = 0, as 6 is contracted by vr. By point 2 of 
Theorem 12.21 we get 

= ci{TT*{nB)) ■6 = nci{B)-6 + mci(S) ■ 6 = n - 2m, 

so that n is even. Finally, Miq is not locally factorial: if it was, then B 
would be a Cartier divisor, which is clearly not the case by the previous 
part of the proof. □ 

Remark 2.1. Theorem 12.21 implies even that Pic(Mio) is free. Indeed, let 
L G Pic{Mio) be torsion of period t £N, and let L be its proper transform 
under vr. Then it*{L) = L + mT, for some m € Z, and t{L + mS) = 0. As 
Mio is simply connected, by point 3 of Theorem 12.21 we see that Pic(Mio) 
is free: in conclusion L = —mT,, so that L = 0. The same argument shows 
that TT* : Pic{Mio) — > Pic{Mio) is injective. 

Moreover, ci : Pic(Mio) — > H'^{Mio,Z) is injective: if G Pic(Mio) 
are such that ci(L) = ci(L'), then ci(7r*(L)) = ci(7r*(L')), so that vr*(L) = 
7r*(L'). As TT* is injective on Pic(Mio), this implies L ~ L'. 

To conclude this section, we show the following: 

Lemma 2.6. If n G is such that nB is a Cartier divisor, then 

n 

ci{nB) ■ = -- e Z. 

Proof. The fact that —n/2 is an integer follows from Proposition 12.51 

is a Cartier divisor. By definition of 7 and 7', there is / G Q such that 
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7r*(7') = 7 + IS. By point 2 in Theorem 12.21 and the projection formula we 
have 

3 = ci(S) • 7 = ci(E) • ^*(7') - Z(ci(S) • 6) = 21, 

so that 7r*(7') = 7 + |(^. Now, suppose that n € Z is such that nB is a 
Cartier divisor. By the projection formula ci{nB) ■ 7' = nci{B) ■ 7r*(7'), so 
that 

ci(nB) • 7' = nci(B) • 7 + -jCiiB) ■ 5 = -2n + — = --, 
by point 2 of Theorem 12.21 ^-iid we are done. □ 

3 Line bundles on Mio 

In this section we study properties of line bundles on Miq. The main ingredi- 
ents are Le Potier's construction of line bundles on moduli spaces of sheaves 
on algebraic surfaces, and the construction of flat families we presented in 
section 2.2. 

3.1 Le Potier's construction 

We recall Le Potier's construction (see [LePj or [H-Lj . Chapter 8). Let S 
be a Noetherian scheme, and let ^ be an 5— flat family on S x X. We can 
define a morphism 

A : Ktop{X) Pic{S), A(a) := det{pR^,{p\a ■ [^]). 

We apply this construction when S is the open subset i? of a Grothendieck 
Quot-scheme whose quotient is Mio, and ^ is a universal family on Rx X. 
Let e := [S] € Ktop{X) be the class of a sheaf S parameterized by Mio, 
h := [H] G Ktop{X) and let 

e : Ktop{X) X KtopiX) Z, /?) := x(« ' P). 

By Theorem 8.1.5 in |H-Lj . A(a) G Pic{R) descends to a line bundle A(a) G 
Pic(Mio) if a G e-*- n {1, /i, h"^}^-^ (orthogonality with respect to ^), so that 
there is a group morphism 

A : n {1, h, h'^}^^ — > Pic{Mio). 

The first result we need is: 

Lemma 3.1. Let a G Ktop{X). Then a G e"*" fl {1, /i, /i^}"*"^ if and only if 
ci(a) G Pic{X) and c/i2(a) = 0. 
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Proof. By the Hirzebruch-Riemann-Roch Theorem, a class /5 G Ktop{X) is 
in {1, /i, if and only if v{l3) = (0, b, 0), where 6 € H'^{X, Z) is such that 
b-ci{H) = 0. Then /3 G i/^^j^^ ^) p (^2,0(j^) ^^o,2(j^))^ Pic(X) = Z-H. 

Now, let a G Ktop{X). Then a G {1, h, h?}^^ if and only if x(a • /5) = 
for every f5 G {1, /i, /i^}-*-. By the previous part, we get ci(a) • 6 = for 
every b G i/2(x,Z) n {H^'^{X) H^''^{X)). Then ci(a) has to be the first 
Chern class of a line bundle on X. Finally, by the Hirzebruch-Riemann-Roch 
Theorem, we have a G C"*- if and only if c/i2(a) = 0, as ch{e) = (2, 0, —4). □ 

Using this lemma, we are able to prove the following: 
Proposition 3.2. Let p G X be any point, and let 

m : PiciX) ^e^n {1, h, h^}^^, ui{L) := [i^x -L\ + ^[Cp], 

na : Z — ^ e"^ n {1, h, h^}^^ , U2{n) := n\Gx\- 
Then u := ui is a group isomorphism. 

Proof. Let L G Pic{X). The Mukai vector of ui{L) is (0, — ci(L), 0), so 
that ui{L) G e"*" n {1, /i, /i^ }-'"-'- by Lemma l3. II Moreover, for every Li, L2 G 
Pic{X) we have f (mi(Li(8)L2)) = v{ui{Li) + ui{L2)), where v : Ktop{X) — > 
Z) is the morphism sending a class in Ktop{X) to its Mukai vector. 
As u is a group isomorphism (see [K]), then ui is a group morphism. 

Let n G Z. The Mukai vector of U2{n) is v{u2{n)) = (n, 0,n), so that 
U2{n) G e-'-njl, /i, /i^}-*-^ by Lemma f3. 11 and U2 is clearly a group morphism. 

We need to show that u is an isomorphism. For the injectivity, let 
{L,n),{M,m) G Pic{X) Z be such that u{L,n) = u{M,m). Their 
Mukai vectors are then equal: as these are, respectively, (n, —ci{L),n) and 
(m, — ci(M),m), this implies n = m and ci(L) = ci(M). As X is a K3 sur- 
face, this implies L ~ M, and injectivity is shown. For the surjectivity, let 
a G 6"*" n {1, /i, /i^}"*-^: by Lemma |3.H we have v{a) = (r, ci(-L),r) for some 
r G Z and L G Pic{X). Then v{a) = v{u{L~^ ,r)), and a = u{L~^,r). □ 

Proposition 3.3. We have the following intersecion properties. 

1. For every L G Pic{X), we have ci(A(ni(L))) • 7' = 0. 

2. For every n gZ we have ci(A(u2(n))) • 7' = —n. 

Proof. We begin with the first item. As Pic{X) = Z • i/, we need to verify 
the statement only for H. By Proposition 8.2.3 in |H-L] there is m G N such 
that \{u{H))®'^ is generated by its global sections, and the canonical map 
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has Mfo as image. In particular, = A(n(F))^™, so that 

mci(A(n(if))) • y = ci(A(u(i/))«"^) • 7' = ci(r ^(1)) • V = 0, 

as 7' is contracted by (j). FinaUy ci{X{u{H))) • 7' = 0, and we are done. 

For the second item, we need to verify the statement only for n = 1. 
Notice that ci(A(n2(l))) ■ 7' = ci(A([^x])|y )• Using the family defined 
in Example 12.21 we have 

ci{X{Wx])lY)=ci{qY^.{q*xWx]-[^])). 

By the Grothendieck-Riemann-Roch Theorem, as the fibers of qy are of 
dimension 2 we have 

Ci{qYl{q*x[^x] ■ m) = qY4q*xich{ffx)td{X)-') ■ ch{J^)]s = 

= -2q*j,[y]-chi{J^)+ch3{J^), 

where [y] is the class of a point in X. By the Grothendieck-Riemann-Roch 
Theorem and by definition of Jf we have chi{J^) = [j*c/i((^pi (l))]i and 

chsiJe) = b.c/i(^pi(l))]3 - 2q*j,[y] ■ [j;c/i(^pi (l))]i. 

In conclusion, chi{J^) = and ch^{,^) = — (7y[p], where [p\ is the class of 
a point in Y . Finally, we get 

Cl{KWx]))-l' = qY.{-q^[p\) = -l, 
and we are done. □ 

3.2 Donaldson's and Le Potier's morphisms 

The aim of this section is to prove that the morphism Aou is injective. The 
main result we need is the following: 

Proposition 3.4. Let L G Pic{X). Then ci(A(ui(L))) = 4>* ijld{ci{L)). 

Proof. The proof is done in two steps: first we show that these two classes 
are equal when restricted to a well-chosen subvariety; then we show that the 
equality on this restriction implies the equality everywhere. 

Step 1. Here, we refer to Example 12.11 for the notations. Consider the 
inclusion i : T X — > M^q"^** described in Example 12.11 and consider the 
morphism j : Y — > Miq induced by the family J^f. By Lemma \2.'6\ j is 
injective and its image is </)~^(T). For every L € Pic{X) we have 

f<|)*{^,D{Cl{L)))=p*i*{,lD{Cl{L))). 
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By Proposition 6.5 in [CT] we have i*(^D(ci(L))) = ci(L) e NS{X) 
(up to the isomorphism between X and T), and we need to show that 
j*ci{X{ui{L))) = p*{ci{L)). By Theorem 8.1.5 in [HT] and LemmaO 

fX{ui{L)) = det{qYi{q*xUi{L) ■ [Jif])), 

so that by the Grothendieck-Riemann-Roch Theorem we get 

ci(j*A(ni(L))) = qY4q*xich{ui{L))td{Xr^) ■ ch{^)]^ = 

= -q*x{ci{L)) ■ ch2{^). 
By Lemma 12.31 we finally have 

qY*{-q*x{ci{L)) ■ ch2{^)) = qY4qx{ci{L)) ■ [p x idxYl^]) = /(ci(L)). 

Step 2. Let L G Pic{X) and /3 := (ci(L)) - ci(A(ni(L))) e 

H'^iMio, Z). We need to show that 13 = 0. 

By Step 1, fP = 0. Moreover, /? • 7' = 0: indeed, (/>>d(ci(L)) • 7' = 
as 7' is contracted by and ci(A(ni(L))) • 7' = by point 1 of Proposition 
13.31 Now, by point 3 of Theorem 12.21 there are a G H^{X, Z) and n,m € Z, 
such that Tr*P = Ji{a) + nci(S) + mci{B). By point 2 of Theorem 12. 2 ^ we 
get 

= 7r*/3 • 5 = Ji{a) ■ 5 + nci(S) • 6 + mci{B) ■ 5 = m — 2n 
as (5 is contracted by vr, and 

= 7r*/3 • 7 = pt(a) • 7 + nci(Il) • 7 + mci{B) • 7 = 3n — 2m 

since vr*/? • 7 = /? • 7' = 0. In conclusion, n = m = and vr*/? = /1(a). This 
implies P = (t)*^D{o)'- indeed, /3 and (j)*fiDioi) are in NS{Miq), and vr* is 
injective on NS{Miq) by Remark 12.11 Restricting to Y we then get 

= i*/3 = J»D(a) =/(a), 

the last equality coming from Proposition 6.5 in [F-Mj . To conclude, simply 
note that p* : NS(T) — > NS{Y) is injective as y is a P^— bundle on T, so 
that Q = 0, and we are done. □ 

Corollary 3.5. The morphism Aon : Pic{X)(B'Z — > Pic{MiQ) is injective. 
Moreover, we have Pic{Mio) = vr* o A o u{Pic{X)) Z[S] Z[B]. 

Proof. For the injectivity of A o u, let L,M ^ Pic{X) and n, m G Z be such 
that X{u{L,n)) = A(n(M, m)). By Proposition 13.31 we have 

—n = ci{X{u{L, n))) • 7' = ci(A(n(M, m))) ■ 7' = —m, 
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so that m = n and \{ui{L)) = \{ui{M)). In particular, ci{\{ui{L))) = 
ci(A('Ui(M))), so that cf)* ^d{ci{L)) = cf)* ^d{ci{M)) by Proposition [331 
Now, by point 1 of Theorem 12.21 the morphism (j)* o is injective, so 
that we finally get ci{L) = ci(M), implying L ~ M as X is a K3 surface. 

By Remark 12.11 the morphism vr* : Pic(Mio) — > Pic(Mio) is injective. 
Moreover, as A o « is injective, the morphism \oui is, so that 

TT* o A o ui : Pic{X) — > Pic{Mio) 

is injective. To conclude, let L € Pic(Mio). By point 3 of Theorem [221 there 
are a G H'^[X, Z) and n,m £ Z such that ci(L) = 'jl{a)+nci{T,)+mci{B). In 
particular Ji{a) G A^5(Mio), so that (^*/xj:)(a) G iV5(Mio). By Proposition 
6.5 in [FM] j*4>*HD{a) = P*{a), so that p*{a) G Af5(y). But this implies 
a G NS{X), and we are done. □ 



4 The 2- factor iality of Mio 

Using the results of the previous section, we are finally able to show the 
2— factoriality of Miq. 

Proposition 4.1. Let A^{Mio) be the group of Weil divisors of Miq modulo 
linear equivalence. Then A^{Miq) = X{ui{Pic{X))) ®Z[B]. 

Proof. Notice that A^{Mio) ~ Pic(7r~i(Mfo). Indeed, TT is an isomorphism 
on Mfo, so that Pic(7r-i(Mfo)) ~ PiciMl^), and Pic(Mfo) = A^{MQ, as 
M(q is smooth. Since S = Mio \ Mfg has codimension 2 in Mio, we have 
^i(Mfo) = Ai(Mio). Now, let us consider the sequence 

— Pic{Mw) ^ Pic{TT-\MlQ)) — > 0, 

where (t(1) := [S] and p is the restriction morphism. We claim that it is 
exact: a is clearly injective and p is surjective (see [H], Proposition 6.5). 
Moreover, S G ker(p). Let L G ker(p): we need to show that L is a multiple 
of S. By Corollarv 13.51 there are M G Pic{X) and n,m (^Z such that 

L = 7r*(A(ui(M))) +nB + mS. 

As /o(S) = 0, we get p{L) = X{ui(M)) + nP as Weil divisors on Mio, so 
that nB = —\(ui(M)). In particular, nB is a Cartier divisor: by Lemma 
12.61 and point 1 of Proposition 13.31 we have 

7? 

--=nP-y = AK(M))-7' = 0, 

so that n = and M = Gx (by Proposition 13. 4p . By Corollary 13.51 we are 
done. □ 
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Corollary 4.2. The only Weil divisors on Miq that are possibly not Cartier 
are the multiples of B . 

Proof. As \{ui{Pic{X))) C Pic^Miq), this is an immediate corollary of 
Proposition 14.11 □ 

The final result of this section is the following, which is one of the main 
results of the paper: 

Theorem 4.3. There is L e Pic{X) such that 2B = X{u{L, 1)) G Pic(Mio). 
In particular, the moduli space Miq is 2— factorial. 

Proof. As B is not a Cartier divisor by Proposition 12.51 by Corollary 14.21 the 
2— factoriality of Miq follows once we show 2B £ Pic(Mio). By Proposition 
EH there are n G Z and M G Pic{X) such that A(m2(1)) = \{ui{M)) + nB. 
In particular nB G Pic(Mio), so that by Proposition 13.31 and Lemma 12.61 

Tl 

-1 = ci(A(n2(l))) • y = ci(A(ni(M))) • 7' + ci{nB) ■ 7' = --. 
In conclusion n = 2 and 2B = A(ti(M~^, 1)). □ 

5 The Beauville form of Miq 

The aim of this section is to show that the line bundle L in the statement 
of Theorem 14.31 is trivial. As a consequence of this, we prove Theorem 11.21 

5.1 Properties of the Weil divisor B 

In this section we show some properties of the sheaves parameterized by Miq. 
The main result is that the Weil divisor B is characterized in cohomological 
terms. We begin with two lemmas. 

Lemma 5.1. Let E he a rank 2 locally free sheaf with trivial determinant. 
Then E c^i E* . 

Proof. By hypothesis on E, the canonical morphism E ® E — > E A E is a 
perfect pairing. □ 

Lemma 5.2. Let S he a sheaf defining a point in Miq. Then H^{X, ) = 
and h\X,£) = h'^{X,<^). 
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Proof. By the Hirzebruch-Riemann-Roch Theorem, the Hilbert polynomial 
of is P{(o,n) = 2n^, since = 2. In particular, x(^) = 0) so that 
h^{X,S) = /i°(X,<f) + /i2(X,<r). We show that h^{X,S) = 0. Recah that 
the reduced Hilbert polynomial of a sheaf ^ of dimension 2 on a surface is 
p{^,n) := P{^,n)/rk{^): then n) = n^, and ") = + 2. By 

Proposition 1.2.7 in |H-Lj . we have Hom{0'x, ^) = 0, and we are done. □ 

As a consequence, we have the following: 
Proposition 5.3. Let he a semistable sheaf with Mukai vector (2,0,-2). 

1. IfS'is locally free, then W{X, ^) = for i = 0,1,2. 

2. If S is not locally free, then h^{X, £") = h^{X, ) / 0. 

Proof By Lemma [O] we have H'^{X,S') = and h\X,(^) = h'^{X,S'). If 
S is locally free, by Serre's duality h^{X,c^*) = 0. Then h'^{X,<^) = by 
Lemma [5. H and the first item is shown. If S" is not locally free, we have two 
cases. 

Case 1: [^] e B H M^q. Then = Gx® ^x, and we have a short 
exact sequence 

— >S — >&x®Gx — — ^0 

since S is torsion free, where 5^ is supported on a finite number of points. 
Thus h?{X, (#) = 2, and we are done. 

Case 2: S is strictly semistable. By Lemma 1.1.5 in [OGl] . (f fits into 
an exact sequence 

— > — >^ — > '^w — ^ (1) 

for some Z,W ^ mi\?{X). Since H'^(X,Jw) = and h^{X,J^z) = 1 for 
i = 1,2, the long exact sequence induced by (P) imphes h^{X,S)i^O. □ 

Let ^ be a universal family on fix X, and consider the universal quotient 
module 

— ^ ^ — > fx-^ — ^ 0, (2) 

where px is the projection on X and := {X , S (JX H)) &x{-NH) 
for N ^"L sufficiently big, where S" is any sheaf parameterized by Miq. In 
particular, Jf is locally free and H^{X,M') = H^{X,^) = 0. Notice that 
any s (z R corresponds to an exact sequence 

— >Jir — >je^<ff — >0. (3) 
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As ^ and are i?— flat, the sheaf 'S is i?— flat. For any s S ii let 'Ss 

(resp. (p3c=^)s5 ^s) denote the restriction of (resp. *o ^he 

fiber of the projection p/j : i? x X — > R over the point s. Then 

~ ker((p^^), ^ = ker(/<r) = JT. 

Proposition 5.4. /ia?;e t/ie following properties: 

1. For every i & Z the sheaves Wpji^"^ and W^pji^{p*j^Jif) are locally free 
of rank h'{X,J^). 

2. For every s R and i ^7L, the canonical morphism 

(mW^)s H\p^\s),^s) ^ H\X,S) 
is an isomorphism, where <§ is a sheaf corresponding to the point s R. 
Proof. The main ingredient is the following lemma: 

Lemma 5.5. Let f : T — > S be a proper morphism of Noetherian schemes, 
and suppose S to be reduced. Let ^ G Coh(T) be an S—flat family of 
sheaves, and let i € Z. The function sending any s G S to h^{Ts,'^s) is 
constant if and only ifW f^^^ is locally free and the canonical morphism 

{R'f,'^)s^H'{Ts,^s) 

is an isomorphism. If this is verified, then (M*"^/*^)^ — > H^~^{Ts,'^s) is 
an isomorphism for every s (z S. 

Proof See [M], Chapter II.5, Corohary 2. □ 

We only need to show the proposition for i = 0,1,2. For every s & R 
we have {p*x'^)s ^ so that H'{p-^{s), feJT),) ~ W{X,J^), and the 
function sending s G i? to h^{p'^{s), {p*x-^)s) is constant. By Lemma [53| 
the sheaf W^pji^-.^px'^) is locally free of rank h^{X,M'). In particular, as 
h^{X,J^) = h\X,je) = 0, then MVr*^^) = R^pn^ip^-^) = 0. 

The next step is to study Wp^^'^^. Applying Mp/j* to the exact se- 
quence ([2]), by the first part of the proposition we get M°p/j*5^ = and 
^^Pr*^ ~ ^^Pr*'^- We show that this last sheaf is trivial. Let he a 
sheaf parameterized by Mio, and consider a corresponding point s (z R. 
Then ~ S", and the map sending s to H^{X,^s) is constant and trivial 
by Lemma 15.21 The canonical morphism (IR*'pjj,,(^))s — > H^{X,^s) = 
is then an isomorphism by Lemma so that MPpji^[^) = 0. It remains 
to show that M^p/j*§f is a vector bundle of rank h'^{X,J^): consider s G i? 
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and its associated exact sequence ([3]). The long exact sequence induced 
by this and Lemma O imply h'^{X,%) = h'^{X,J^), so that ^^pr^'^ is a 
vector bundle of rank h?{X,M'); for every s R the canonical morphism 
{M?pR^:'^^)s — > H'^{X,%) ~ H'^{X,jXf) is an isomorphism by Lemma [531 

Finally, we study WpR^^ for i = 1,2. As M'^p/j*^ = 0, by Lemma 15.51 
the canonical morphism {M?pfi^J^)s — > H'^{X,S') is an isomorphism. Let 
^ : E}pR^^ — > M?pr^'^ be the morphism induced by the exact sequence 
([2]). Since E}pR^{p'^J^) = by the first part of the proof, ^ is injective. In 
particular, for any s G i? the morphism is injective, so that 

(mW(^))s ^ker((]RV*(^))s ^ (mW(Px^))s). 

The morphism 5 is simply the morphism H'^{X,J^) — > H'^{X,J^) in- 
duced by the exact sequence ([3]) , by the previous part of the proof. Since 
H^{X, JT) = 0, we have ker((5) ~ H^iX, S), and we are done. □ 

We are finally able to prove the following 
Proposition 5.6. We have 2B = A(u2(l)). 

Proof. By definition A(u2(l)) = det{^pR^{^)). By Theorem g^l the line 
bundle A(?X2(1)) descends to 2B + A(mi(L)) for some L € Pic{X). Applying 
Rpij* to the exact sequence ([5]), by point 1 of Proposition 15.41 we get the 
exact sequence 

mW(=^) ^^PR*m ^ R^PR,{p*xJ^) R^PR.i^) 0. 

As R^pr^^ = by point 2 of Proposition 15.41 we get det{RpR^,^) ~ 
det(R'^PR^{PxJ^)) det(M?pR^^)-^. Then det{P) gives a section s of the 
line bundle det(RpR^,{^)), whose zero locus is given by the set where det{f5) 
is not an isomorphism. By Propositions 15.31 and 15.41 this locus is exactly 
p^^{B), and we are done. □ 

5.2 Description of H^{Mio, Z) 

Yoshioka (see Theorem 0.1 in jYj) showed the following: if S is any projective 
K3 surface, v E H'^*{S, Z) is a primitive Mukai vector with {v, v) > and H 
is a generic polarization, the moduli space of i?— semistable sheaves 
on S with Mukai vector v is an irreducible symplectic variety, and there is an 
isometry of Hodge structures — > i/^(M^,Z), where f"*" is a sublattice 
of the Mukai lattice of 5 and ff^(M^,,Z) is a lattice with respect to the 
Beauville form. In this section, we show an analogue of this in the case of 
MiQ. Here, X is a projective K3 surface with Picard group spanned by an 
ample line bundle H such that H'^ = 2, and v = (2, 0, -2) G H'^*{X, Z). 
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Lemma 5.7. We have ~ H^{X, Z) Z. 

Proof. By the Hirzebruch-Riemann-Roch Theorem, w G H^* {X, Z) is or- 
thogonal to V if and only if w = (r, c, r) for r G Z and c G H'^{X, Z). □ 

We have the Hodge morphism Jl : H'^{X,Z) — > ff^(Mio,Z) respecting 
the lattice structures, and the morphism 

ci o vr* o A o n : Pic{X) ® Z — > H^{Mio, Z). 

By Proposition 13. 4t these two morphisms agree on Pic{X). Let 

f ^H\Mio,Z), f{r,c,r) := Jl{c) + Ci{7r* (Xiu^ir)))). 

Theorem 5.8. The morphism f is a Hodge isometry between v^, viewed 
as a sublattice of the Mukai lattice H{X,'L), and its image in -ff^(Mio,Z), 
being a lattice with respect to the Beauville form q. 

Proof. The morphism / is an injective morphism of Hodge structures by 
point 1 of Theorem 12.21 By Proposition 15.61 Mu2{''')) = '^rB, so that 

TT*X{u2{r)) = 2rB + mT. 

for some m G Z. Intersecting with 6, by point 2 of Theorem 12.21 we get 
m = r. In conclusion, we have f{r,c,r) = Jl(c) +2rci{B) +rci{T,). By point 
4 of Theorem 12.21 and by definition of the Mukai pairing, it is then an easy 
calculation to show that / is an isometry. □ 

6 The local factoriality of Mq 

From now on, we deal with the 6— dimensional O'Grady's example Mq, and 
we show that it is 2— factorial. In this section we recall the construction of 
Mq and of Mq, and we resume the basic properties we need for the proof of 
the 2— factoriality. Moreover, we show that Mq is not locally factorial. 

6.1 Generalities on Mq 

In the following, let C be a smooth projective curve of degree 2, and let J := 
Pic^{C) be its jacobian surface. Suppose there is an ample line bundle H 
on J such that NS{J) = Z • ci{H) and cf = 2. Finally, let J := Pic°{J) 
be the abelian surface dual to J. 

Let V := (2,0,-2) G H{J,Z), and let M^j be the moduli space of 
if— semistable sheaves on J whose Mukai vector is v. The regular locus 
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of My is the open subset parameterizing stable sheaves. Let be the 
singular locus of M^, which is a closed subset of codimension 2 in My (see 
[QG2] ). Since in this setting any semistable locally free sheaf is stable (see 
Lemma 2.1.2 in [QG2| ). the open subset of My parmaterizing locally 
free sheaves is contained in My. Let By be the closed subset of My param- 
eterizing non-locally free sheaves. In particular, T,y C By. Finally, let 

ay-.My^JxJ, ay{[^]) ■=(^Y1 ^2('^)> det{^)^ , 

and let Mq := ay^{0, ffj). 

Theorem 6.1. (O'Grady, Lehn-Sorger). The moduli space My admits 
a symplectic resolution Hy : My — > My, which is obtained as the blow-up of 
My along T,y with reduced schematic structure. Let Mg := 7r~"^(M6). Then 
Mq is an irreducible symplectic variety of dimension 6 and second Betti 
number 8. 

Proof. The proof is in |0G2j . In [L-Sj it is show that My can be obtained 
as the blow up of My along its reduced singular locus. □ 

Let Tiy be the exceptional divisor of vr^, and let By be the proper trans- 
form of By under -Ky. Let vr := Tr^j^^^, and let S := S^, n Mg, the singular 
locus of Mg. In particular, vr is the blow up of Mg along S with its reduced 
structure. Finally, let B := By n Mg, S := 7r^^(S) (the exceptional divisor 
of vr) and B := By H Mg (the proper transform of B under vr). As shown 
in section 5.1 in |UG2j . B is an irreducible Weil divisor on Mg. Let Mq~^'^ 
be the Donaldson-Uhlenbeck compactification of the moduli space Mq of 
/X— stable sheaves, and let (p '■ -^6 — ^ Mg*"*** be the canonical surjective 
morphism. Let 6 be the fiber of tt over a generic point in the smooth locus 
of S, and let 7 be as in section 5.1 of [QG2] . Finally, let 

HD ■■ H'^iJ,^) — > H'^{M^''',Z) 

be the Donaldson morphism. 

Theorem 6.2. (Rapagnetta) . Let Ji := tt* o (p* o 

1. The morphism Jl : H'^{J,'L) — > H'^{Mq,Zi) is injective. 

2. There is a line bundle A £ Pic{MQ) such that ci(S) = 2ci{A). 

3. We have the following equalities: 

ci{A)-6 = -l, ci{B)-6 = l, 
ci{A)-j = l, ci(B)-7 = -2. 
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4- The second integral cohomology of Mq is 

H^{Me, Z) = ]1{H^{J, Z)) © Z • ci{A) Z • ci{B). 

5. Let q be the Beauville form of Mq. Then for every a,/3 G H'^{J,Z) we 
have 

q(Ji{a),Ji{f3)) = a- (3, q{Jl{a),ci{B)) = q{Ji{a),ci{A)) = 0, 

q{ci{A),ci{A)) = -2, q{ci{A),ci{B)) = 2, 
q{ci{B),ci{A)) = 2, q{ci{B),ci{B)) = -4. 

Proof. Item 1 is |UG2j . Proposition 7.3.3. The proof of the other points is 
contained in [R2] . Theorems 3.3.1, 3.4.1 and 3.5.1. □ 

6.2 Flat families 

In this subsection we present two examples of flat families of sheaves we will 
use in the following. As in section 2.2, we refer to section 10 for the general 
construction. 

Example 6.1. Let -E be a rank 2 vector bundle on J with trivial first and 
second Chern classes and such that hom(E, E) = 2. Moreover, let J[2] 
be the set of 2— torsion points in J, and let y € J \ J[2]. Fix a surjective 
morphism Lp : E — > C^^ and let := kev{ip): by Lemma 4.3.3 in [QG2] . any 
sheaf defining a point in B^j is the kernel of a surjective morphism from J(f 
to Cx for some point x £ J. Let pi,P2 ■ J x J — > J be the two projections. 
As in Example 1 2. H the sheaf puJfom{p2J^, G is) is a vector bundle of rank 
2, and for any x E J the canonical morphism 

om{j)\Jff ., i^a))x — ^ Hom{J^,Cx) 

is an isomorphism (see Lemma [^3]) . Let Y := F{puJ^om{p2J(^ , ^a)) J- 
There is a tautological morphism (see Section 10) 

/: q*jJ(r q;^^ — > {p X idj)*^A, 

whose kernel is denoted J^. 

Lemma 6.3. Let S he a sheaf defining a point in B^ whose bidual is E 
and whose singular locus is given by x,y £ J. Let fg : Jff — > C^; be the 
surjective morphism whose kernel is <§ . Then fg defines a point [fg] G Y, 
and '^[fg] — ^ ■ Moreover, ^ is a Y—fiat family and f is surjective. 
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Proof. The proof is the same as the one of Lemma 12.31 □ 

Example 6.2. Let E be as in the previous example, with the further property 
that det{E) ~ Let x (z J and if : E — > C-x, a surjective morphism 
whose kernel is denoted J^. Let Y := ¥{px>fJ^om{pjJ^,i:^Cx)) {x}, 
where pj : {x} x J — J and px ■ {x} x J — > {x} are the two projections, 
and i : {x} — > J is the closed immersion. Then, y ~ P^, and its points 
correspond to surjective morphisms from to Cx- As before, we get a 
tautological morphism / : — > j*^pi(l), where j : x {x} — P^ x J 
is the immersion. Let := ker(/). 

Lemma 6.4. Let £ he a sheaf defining a point in B whose hidual is E and 
whose singular locus is given by x, —x G J. Let fg : ^ — > he the 
surjective morphism whose kernel is S . Then fg defines a point [fg] € Y , 
and ^y^fg] — S'- Moreover, Jif is a Y—flat family and f is surjective. 

Proof. Again, the proof is the same as the one of Lemma 12. 3^ using the 
Claim in section 5.1 of [(3^2] . □ 

6.3 The moduli space Mq is not locally factorial 

A first application of Theorem 16.21 is the following: 

Lemma 6.5. There is a non-trivial irreducible Weil divisor D £ A^{Mq) 
such that 2D = 0. If D is the proper transform of D by tt, then there is 
m € Z such that A = D + mT, in the group Div{MQ) of Weil divisors of Mq. 

Proof. As in the proof of Proposition 14. 11 we have A^{Mq) ~ Pic{'ir^^{MQ)). 
The restriction of A to 7r~^(M|) defines then an irreducible Weil divisor 
D G A^{Mq). By point 2 of Theorem O we have 

2D = 274|^_i(A^|) = = 0. 

Now, the Weil divisor S is a prime divisor, so it is a generator for the group 
Div^Mg). Since A is a line bundle on Mg, it defines an element in Div{MQ), 
so that there are m, mi, m„ G Z and prime divisors -Di, Dn such that 



A = mT, + rriiDi 



i=l 



As = rn.iA|7r~i(Af|)) we have YA^iiUiDi = D, and we are 

done. It remains to show that D is not trivial: if D = 0, then D = 0, so 
that A = mT, = 2mA (by point 2 of Theorem 16. 2p . Then ci{A) is torsion in 
H'^{Mq,Z,), which is not possible by point 4 of Theorem 16.21 □ 
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Proposition 6.6. The Weil divisor D is not Cartier, and Mg is not locally 
factorial. 

Proof. If D was a Cartier divisor, then tt*{D) = D + kA, for some A; G Z. 
By Lemma [6. 51 we then get vr*(D) = {l — 2m + k)A. The integer \ — 2m + k is 
odd: indeed, if there was n € Z such that 2n = l — 2m + k, then it*{D) = nS 
and we would have 

D = vr*(L')|^-i(A,/|) = nT.\^-^Mi) = 0, 

which is not possible since D is non-trivial. By point 3 of Theorem 16.21 and 
the fact that S is contracted by tt, one gets 

= ci{7r*{D)) ■6 = {l-2m + k)ci{A) ■ 6 = 2m - k - 1. 

As 2m — k — 1 ^ 0, we get a contradiction, and D is not a Cartier divisor. 
Finally, this clearly implies that Mg cannot be locally factorial. □ 

Remark 6.1. As a consequence of this, Pic{MQ) is free. Indeed, let L € 
Pic{MQ) be torsion of period t, and let L be its proper transform under it. 
Then 7r*(L) = L + kA for some k e Z, and t(L + /c^) = 0. As Pic{M(i) has 
no torsion by point 4 of Theorem 16. 2^ we get L = —kA, and 

L = = -^^|7r-l{M|) = -kD. 

As L £ Pic{MQ), we get kD € Pic{MQ), so that A; has to be even by 
Proposition 16.61 and Lemma 16.51 In conclusion L = 0, and we are done. 

The same proof even shows that tt* : Pic{MQ) — > Pic{MQ) is injec- 
tive. As in Remark 12.11 from this one can deduce that the morphism 
ci : Pic{MQ) — > H^{Mq,Z) is injective. 

7 Line bundles on Mq 

In this section we calculate the Picard groups of Mg and of Mg following 
the same argument as in sections 3 and 4. 

7.1 Le Potier's construction 

Let e := [^] G Ktop{J) be the class of a sheaf S' parameterized by Mg, and 
let h := [H] G Ktop{J). 

Lemma 7.1. Let a G Ktop{J)- Then a G e-*- fl {1, h, h"^}-^^ if and only 
if ci{a) G ci{H)^^ and c/i2(a) = rk{a)rij G H^{J,'L), where rjj is the 
fundamental class of J. 
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Proof. The proof works as the one of Lemma 13.11 □ 

Using this lemma, we are able to prove the following: 
Proposition 7.2. Let p ^ J he any point, and let 

: Pic{J) -^e^n {1, h, h'}^^, ni(L) := [ffj - L] + ^[Cp], 

US : Z ^ n {1, h, h^}^^, U2{n) := n{Gj\ + n[Cp]. 
The morphism u := ui + U2 is a group isomorphism. 

Proof. The proof works as the one of Proposition 13.21 □ 

Proposition 7.3. Let i : Mg — > be the inclusion. There is a group 
morphism Ag := i*oXou : Pic{J)(Bl' — > Pic{MQ), where A is the Le Potier 
morphism. In particular, this induces a group morphism 

Ae : NS{J) © Z — > Pic{MQ) 

such that for any L € Pic{J), n^'L we have A6(ci(-L),n) = \Q{L.,n). 

Proof. The existence of the maps Aon and Aq is implied by Lemma 17.11 
and Theorem 8.1.5 in [H-L| . The fact that A o -u, and hence Ag, is a group 
morphism is as in the proof of Proposition [321 As v : Ktop{J) — > H'^*{J,Z) 
is an isomorphism, if ci(Li) = ci(L2), then u{Li) = u{L2), and we are done. 
But this implies the existence of the morphism Xq defined on NS{J) Z, 
and we are done. □ 

In the following, let Ae,! := i* o X o ui and A6,2 := i* o X o U2, so that 
-^6 = ^^6,1 + -^6,2- Then Ag,! induces a morphism Ag,! : NS{J) — > Pic^Mq), 
such that for every L € Pic{J) we have A6,i(ci(L)) = Xq^i{L). Then we 
have Ae = Ag,! + A6,2- 

Lemma 7.4. We have the following intersection properties. 

L Let L G Pic{J). Then ci{ir*\i{L))) ■ 7 = ci(7r*A6,i(-i^)))) -6 = 0. 

2. Let n S Z. Then ci{tt* XQ^2{n)) • 7 = — n. 

Proof. We begin with the first item. The equality ci{Tr* Xq{L)) • 5 = is 
trivial, as 5 is contracted by vr. Notice that 

ci(7r*A6,i(L)) • 7 = ci(7r*A6,i(L)i^) = ci(A^(ui(L))) 
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by Theorem 8.1.5 in |H-Lj and Lemma[631 where A^sf is the Le Potier's mor- 
phism defined using the flat family ^ of Example [621 By the Grothendieck- 
Riemann-Roch Theorem, we have 

ci(A^(ui(L))) = qY,\q*j(ch{u^{V))td{J)) ■ ch{J^))]s G H\f\Z) = 

= -grMiciiL)) ■ ch2iJ^)) = 0, 

and we are done. For the second item, the proof is the same as the one of 
point 2 of Proposition 13.31 using Example 16.21 □ 

7.2 Donaldson's and Le Potier's morphisms 

The main result we need is the following: 

Proposition 7.5. For any L € Pic{J) we have ci(7r*A6,i(i)) = /i(ci(L)). 

Proof. The proof of this proposition is almost the same as the one of Propo- 
sition [331 Let L G Pic{J) and let Y and be as in Example 16.11 Using 
the same argument as in Step 1 of the proof of Proposition 13.41 we get 

ci(7r*A(ni(L)))|y = /I(ci(L))|y. (4) 

Now, let Yq := y nMg, and let /? := ci{7r*\i{L)) -Ji{ci{L)) G H^{Mq,Z). 
By equation we have /3|yg = 0, and by point 1 of Lemma [73] and the 
definition of /x we have /? • 7 = /3 ■ 5 = 0. Following Step 2 of the proof of 
Proposition 13.41 these two properties imply /3 = 0, and we are done. □ 

Corollary 7.6. The morphism Xq : NS{J) © Z — > Pic{M^) is injective. 
Moreover, we have Pic{Me) = n* Xe^i{NSiJ)) ® Z ■ [A] ® Z ■ [B]. 

Proof. The proof works as that of Corollary 13.51 using Proposition 17.51 □ 

8 The 2-factoriality of Mq 

We are now able to show the 2— factor iality of Mq. We need to add a remark 
on B: the proper transform of B is an irreducible Weil divisor in Mq, so 
that B = L) B for some irreducible Weil divisor B of Mq whose proper 
transform is B. 

Proposition 8.1. We have A^{Mq) = Xq{NS{J)) © Z • [S] © Z/2Z • [D]. 
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Proof. The proof is similar to the one of Proposition 14.11 and we need to 
show that the following sequence 

— >Z^ Pic{M&) Pic{^~^{M^)) — > 

is exact, where cr(l) := S and p is the restriction morphism. The only thing 
to prove is that if L G ker(p), then it is a multiple of E. By Corollary 17.6^ 
there are M G Pic{J) and n,m €Z such that L = 7r*(A6,i(ci(M))) + nB + 
mA. By Lemma ESI we have p{L) = A6,i(ci(M)) + nB + mD G A^{Me). 
As p{L) = 0, then p(2L) = 0, so that 2nB = A6,i(2ci(M)), as 2mD = 
by Lemma 16.51 In particular, their proper transforms are equal, getting 
2nB = 7r*(A6,i(2ci(M))), so that 

-4n = 2nci{B) ■ 7 = ci(7r*A6,i(2ci(M)) -7 = 0, 

by point 3 of Theorem 16.21 and point 1 of Lemma 17.41 In conclusion, n = 
and A6,i(2ci(M)) = 0. By Corollary EH then ci(M) = 0. In conclusion 
L = mA for some m G Z, so that 

= p{L) = p{mA) = mD. 

By Lemma |6.5[ then, m is even and L is a multiple of S. □ 

Here is the main result of this section: 

Theorem 8.2. There is a line bundle L G Pic{J) and t G Z/2Z such that 
B + tD = Xq{ci{L), 1). In particular, Mq is 2— factorial. 

Proof. By Lemma 17.11 and Proposition 18.11 there are M G Pic{J), n G Z 
and t G Z/2Z such that A6,2(l) = A6,i(ci(M)) + nB + tD G A^{Mq). In 
particular nB + tD G Pic{MQ): we need to show that n = 1. Taking the 
pull-back of nB + tD to Mq there is m G Z such that 

nB + mA = TT*{nB + tD) = 7r*(A6(-ci(M), 1)). 

By point 3 of Theorem 16.21 we get 

= iT*{nB + tD) ■ 5 = nB ■ 5 + mA ■ 6 = n - m, 

as 5 is contracted by vr, and 

-2n + m = nB --f + mA ■ 7 = 7r*(A6(-ci(M), 1)) • 7 = -1 

by Lemma |7.4[ In conclusion, n = 1 and we are done. It remains to show 
that Mq is 2— factorial: since B + tD is a Cartier divisor, we have 

\q{NS{J)) © Z[S + tD] C PiciMe). 
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We have then two possibihties: the first one is t = 0, so that B is Cartier. In 
this case, the only Weil divisor which is not Cartier is D, and we are done. 
The second case is t = 1, so that B + D is Cartier. As 2D = 0, we then get 
2B £ Pic{MQ), and we are done. □ 

Remark 8.1. As seen in the proof, one has 7r*(A6, 2(1)) = B+A+tt* XQ^2iciiL)) 
for some line bundle L E Pic{J). As it was pointed out to me by Rapag- 
netta, using our construction one can easily show that there is a line bundle 
A G Pic{MQ) such that 2A = T,. Indeed, as shown in [QG2] . we have 

H\M6,q) = ji{H\j,q)) e Q • ci(5) © Q • ci(s), 

so that there are /3 E H'^{J, Q) and p,q £ Q such that 
ci(vr*A6,2(l)) =/^(/3)+p5 + (?S. 
By equation 7.3.5 in |UG2j one gets 

= ci{n*Xe,2il))-S = p-2q, 

-l = ci(7r*A6,2(l))-7 = -2p + 2<7. 

In conclusion q = 1/2 and p = I. Now, ci(7r*A6,2(l)) £ H'^iMe,'^)^ so that 
if E was a generator for H'^{Mq,Z), we would have g € Z, which is clearly 
not the case. Then, there must be a line bundle A G Pic{MQ) such that 
2ci{A) = ci(E), and we are done. 

9 The Beauville form of Mq 

In this last section, we prove an analogue of Theorem l5.8l about the Beauville 
form of Mq. Here is the result: 

Theorem 9.1. Let v = (2,0, —2) E H[J,'L). There is a morphism of Hodge 
structures 

which is an isometry between v-^ , as a sublattice of the Mukai lattice H{J, TL), 
and its image in H'^{Mq,'Ii), lattice with respect to the Beauville form q. 

Proof. As in Lemma 15.71 ^ Mukai vector w is orthogonal to v if and only if 
w = (r, c, r) for r E Z and c E H'^{J, Z), so that ~ H^{J, Z) © Z. Let 

f:v^^ H\Mq, Z), /((r, c, r)) := Jx{c) + rci(5) + rci{A). 

The morphism / is an injective morphism of Hodge structures. By point 5 
of Theorem 12.21 and definition of the Mukai pairing, it is easy to see that / 
is an isometry on its image. □ 
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10 Appendix: Construction of fiat families 



In this Appendix we resume a general construction of flat families we used 
in several occasions. Let S be an algebraic surface and T a proper scheme. 
Let Ps and pT be the two obvious projections oi T x S. Let 1^ and W 
be two T— flat coherent sheaves on T x 5, and suppose pT*^om{y , W) to 
be a vector bundle on T . Let Y := P(pT*=^om('^, #')) and p : Y — > T 
the projection morphism. Let be the tautological line bundle on Y . 
As shown in [H], Chapter II, Prop. 7.11, there is a canonical morphism 
/ : J7 — > p*pT*J^om{y , which is injective. Finally, let qy '■ Y x S — > 
Y and qs Y x S — > S be the two projections. We have the following 
commutative diagram: 



Y 



QY 



Pt 



Y X S 



qs 



pxidg 

Tx S - 



S 



S 



Ps 



and the following equality holds: 

p*PT*J^om{y,W) = qY*J^om{{p x ids)*r, {p x ids)*W). 

By the projection formula / defines then a global section 

a G H°{Y X S, Jfom{{p x idsYY qy-^, {p x idsTW)), 

corresponding to a morphism 

f:{px ids)*y (g) qy^ — > {p x ids)*W. 

This construction allows us to produce flat families, as shown in section 2.2 
and 6.2. 
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